In the context of relativistic positioning, the coordinates of a given user may be calculated by using suitable information broadcast by a 4-tuple of satellites. Our 4-tuples belong to the Galileo constellation. Recently, we estimated the positioning errors due to uncertainties in the satellite world lines (U-errors). A distribution of U-errors was obtained, at various times, in a set of points covering a large region surrounding Earth. Here, the positioning errors associated to the simplifying assumption that photons move in Minkowski space-time (S-errors) are estimated and compared with the U-errors. Both errors have been calculated for the same points and times to make comparisons possible. For a certain realistic modeling of the world line uncertainties, the estimated S-errors have proved to be smaller than the U-errors, which shows that the approach based on the assumption that the Earth's gravitational field produces negligible effects on photons may be used in a large region surrounding Earth. The applicability of this approach -which simplifies numerical calculations-to positioning problems, and the usefulness of our S-error maps, are pointed out. A better approach, based on the assumption that photons move in the Schwarzschild space-time governed by an idealized Earth, is also analyzed. More accurate descriptions of photon propagation involving non symmetric space-time structures are not necessary for ordinary positioning and spacecraft navigation around Earth.
Introduction
This paper focuses on the estimation of positioning errors in some relativistic positioning systems (RPS). Realizations of RPS must be based on general relativity (GR); more specifically, the following theoretical scheme is to be implemented:
(i) Space-time is governed by an energy distribution including Earth, Sun and other sources. It is described by a metric, which must be written in terms of certain coordinates, y α , being appropriate to deal with positioning. (ii) In the absence of non gravitational forces, satellites and photons move in the aforementioned space-time as test particles; namely, following geodesics. In particular, satellites follow time-like geodesics which may be parametrized by the proper times.
(iii) Once the metric and the world lines of satellites and photons are known, any user may calculate its y α coordinates by using the proper times broadcast by four satellites, the so-called emission coordinates τ A . (iv) These emission coordinates and the satellite world lines -parametrized by the proper times-set the satellite coordinates at emission, which are also the initial photon coordinates; namely, the coordinates at the starting point of the photons broadcasting information.
(v) Among the photon geodesics it is possible to find four intersecting ones (one per satellite), and the coordinates y α of the resulting intersection event define the user position.
Any approach to RPS based on these general ideas requires additional assumptions and approximations.
In our opinion, the estimation of positioning errors is more systematic in the RPS context. Instead of applying a correction for each effect leading to errors, let us systematically proceed taking into account the following points:
(1) We define nominal satellite world lines, which are appropriate time-like geodesics of the RPS space-time. These geodesics would be the true satellite world lines in the absence of perturbations (2) In a given RPS, there are non gravitational perturbations such as solar winds, radiation pressure, and so on, as well as gravitational perturbations due to the energy sources which have not been taken into account to fix the space-time structure. All these perturbations would produce growing deviations with respect to the nominal world lines (3) These deviations will not be estimated but controlled; namely, the satellite world lines will be corrected as soon as the amplitude of their deviations reaches a certain limit value (4) The amplitude evolution and the statistical character of the deviations will be determined from the analysis of many data, which may be obtained by measuring deviations over an extended period (many satellite periods) (5) Once nominal world lines and statistical realizations of the deviations are available, the nominal world lines will be used to calculate the user position, and the deviations to estimate errors. These errors will be hereafter called U-errors since they are due to uncertainties in the satellite world lines (6) The best RPS would be obtained taking into account all the sources contributing to the gravitational field. In such a case, only the non gravitational forces would produce deviations with respect to the nominal world lines and, consequently, less corrections of the satellite motions would be necessary to maintain the deviations smaller than the chosen limit amplitude.
(7) There are other positioning errors associated to the description of photon propagation (from the satellites to the user). These errors arise when some sources of the gravitational field are neglected and, consequently, the metric and the photon null geodesics are not fully accurate.
Two approaches to relativistic positioning are considered in this paper, in both cases we look for the positioning coordinates and their errors. These RPS are designed by assuming that the space-time has the Schwarzschild metric, which corresponds to an ideal isolated static spherically symmetric Earth. Schwarzschild space-time is asymptotically Minkowskian and, consequently, once the approach based on Schwarzschild metric is assumed, one can say that, from a theoretical (physical) point of view, there are inertial (quasi inertial) systems of reference. The origin of these references is located in the Earth's center and the spatial axes are arbitrary. The simplest of these two approaches, hereafter called the 0-order RPS, is based on the following assumptions: (a) satellite world lines are time-like geodesics of the Schwarzschild space-time (hereafter S-ST), and (b) photons follow null geodesics in the Minkowski space-time (M-ST) asymptotic to the Schwarzschild space-time. In a more accurate approach, hereafter called the 1-order RPS, both satellites and photons move in S-ST. Here, the accuracy of the 0-order RPS is quantitatively estimated, for the first time, in an extended region surrounding Earth. This estimation is based on the calculation of the S-errors, which are the differences between the positioning coordinates obtained in the 0 and 1-order RPS.
In Puchades and Sáez (2014) , the U-errors were estimated inside a spherical region, with radius R = 10 5 km, centered at point E. The spherical inertial coordinates of E were assumed to be r E = R ⊕ , θ E = 60
• , and φ E = 30
• , where R ⊕ is the Earth's radius. Hence, point E is on the Earth's surface. It is an arbitrary point and results do not depend on its choice. In this paper, other positioning errors (S-errors) are estimated inside the same sphere to facilitate comparisons with the U-errors. This great region around Earth is hereafter referred to as the E-sphere.
We only consider the Galileo constellation, whose satellites are being placed in orbit by the European Space Agency. This GNSS (global navigation satellite system) has 27 satellites, which are uniformly distributed on three equally spaced orbital planes. We have numbered the satellites in such a way that numbers 1 to 9, 10 to 18, and 19 to 27 correspond to consecutive orbital planes. Inside any of these planes, satellites n and n + 1 occupy successive positions. The inclination of these planes is α in = 56 degrees and the altitude of the circular orbits is h = 23222 km; thus, the orbital period is about 14 h. See Pascual-Sánchez (2007) for details. Our nominal world lines are chosen to be Schwarzschild time-like geodesics with these circular orbits.
Let us make some comments about notation and units which will be taken into account in the whole paper. Index A labels the four satellites necessary for space-time positioning; any other Latin index runs from 1 to 3, and Greek indexes from 1 to 4. Quantities G, M ⊕ , t, and τ stand for the gravitation constant, the Earth's mass, the coordinate time, and the proper time, respectively. In our numerical codes, units are chosen in such a way that the speed of light is c = 1; the kilometer is the unit of distance, and times are given in units of 10 −5 /3 s (hereafter code units). In all the equations we set c = 1 and, finally, results (code outputs) are presented in appropriate arbitrary units of distance and time.
The paper is structured as follows: the 0-order RPS is briefly described in Sect. 2. The 1-order RPS, is studied in Sect. 3. The S-errors are analyzed in Sect. 4, where they are compared with previously estimated Uerrors . Main conclusions are briefly summarized in Sect. 5, where a general discussion is also presented.
Emission and inertial coordinates in the 0-order RPS
In the 0-order RPS, positioning coordinates are inertial coordinates in the M-ST asymptotic to S-ST and, consequently, they will be called inertial asymptotic coordinates or inertial coordinates x α , as done in previous papers (Puchades and Sáez, 2012; Sáez and Puchades, 2013; Puchades and Sáez, 2014) .
The inertial coordinates (user position) may be found by using the satellite world lines and the emission proper times, excepting some cases in which the emission coordinates are compatible with two user positions (bifurcation); in these cases, a criterion -based on additional data-is necessary to choose the true position (Schmidt, 1972; Abel and Chaffee, 1991; Chaffee and Abel, 1994; Grafarend and Shan, 1996; Coll et al., 2011 Coll et al., , 2012 Puchades and Sáez, 2012) . Bifurcation does not play a role in this paper.
In any asymptotic inertial reference, calculation of the user position requires knowledge of the satellite world lines. If the equations of these lines are expressed in terms of the proper time parameter, the coordinates of their points are functions of the form
Whichever the satellite world lines may be, if photons move along null geodesics in M-ST (from emission to user reception), the emission coordinates, τ A , and the inertial coordinates, x α , are related as follows:
where η αβ is the M-ST metric tensor, whose non vanishing components are η 11 = η 22 = η 33 = 1 and η 44 = −1. Given a point Q of the M-ST with coordinates x α , Eqs.
(1) may be numerically solved to get the emission proper times τ A , which would be the emission coordinates received by an user at Q. A multiple precision numerical code has been designed to perform this calculation -leading to τ A -for an arbitrary Q. It is hereafter referred to as the XT-code. This code uses both the satellite world line equations and the numerical Newton-Raphson method (Press et al., 1999) . Coll et al. (2010) derived an analytical solution of Eqs.
(1), which gives x α in terms of τ A for photons moving in M-ST. A numerical code based on this solution -hereafter referred to as the TX-code-has been designed and tested Sáez, 2011, 2012; Puchades, 2013, 2014; Puchades and Sáez, 2014) . The analytical solution holds for arbitrary satellite world lines; hence, these lines may be identified with the nominal world lines of four Galileo satellites (see Sect. 1), whose equations may be written in terms of the asymptotic inertial coordinates and the proper time. These equations are given in Sect. 3.
In practice, perturbations deviate any satellite from its nominal world line and, consequently, there are U-errors, which were estimated -in Sáez and Puchades (2013) ; Puchades and Sáez (2014) -under the assumption that the satellite world lines are systematically corrected to always have space (time) deviations -with respect to the nominal world lines-which are smaller than 10 −2 km (10 −2 code units of time) [see Puchades and Sáez (2014) for more details].
Relativistic positioning in S-ST: the 1-order RPS
Various concepts and techniques being useful to develop the 1-order RPS have been found in previous papers, among them, we may point out the definition and uses of the world function (Synge, 1931; Bahder, 2001; Bini et al., 2008; San Miguel, 2007) and the time transfer function, the form of this last function in the S-ST (Teyssandier and Le Poncin-Lafitte, 2008) , and a method to find the user position coordinates by using the time transfer function (Čadež and Kostić, 2005; Čadež et al., 2010; Delva et al., 2011) . Here, this last method is modified by using the analytical formula derived by Coll et al. (2010) -instead of numerical iterations-to work with photons moving in M-ST The Earth's center is at rest in the asymptotic M-ST; hence, the S-ST may be considered as a perturbation of the asymptotic M-ST with a static metric g αβ = η αβ +s αβ , where η αβ is the Minkowski metric, and s αβ are perturbation terms depending on GM ⊕ /R, where R is the Schwarzschild radial coordinate.
The S-errors are due to the lensing deviations produced by the 1-order RPS gravitational field, and these deviations are integrated effects on the full paths traveled by the photons (from satellites to users). Since the length of these paths has an order of magnitude whose values are ∼ 10 4 km for users on Earth and ∼ 10 5 km for users on the surface of the E-sphere (see Sect. 1) and, moreover, all the admissible nominal world lines must be very close among them (with deviations smaller than 10 m), it is evident that the photon paths, the lensing integrated effect, and the S-errors will be almost identical for any admissible choice of the nominal lines. On account of this fact, the nominal world lines of the Galileo satellites may be assumed to be time-like geodesics of the S-ST with circular orbits. This simple choice is good enough to compute S-errors and, moreover, it allows comparisons with the U-errors calculated in Puchades and Sáez (2014) , where the same nominal world lines were used.
In the unperturbed M-ST, the spatial location of a Galileo satellite A, which moves along a circumference, requires three angles. Two of them, Θ and ψ, characterize one of the three orbital planes. These angles are constant. The third angle, α A , localizes the satellite on its trajectory. It depends on time. All this was taken into account in Sáez (2012, 2014) to find the world line equations of the satellite A to first order in the small dimensionless parameter GM ⊕ /R, whose maximum value is GM ⊕ /R ⊕ ≃ 6.94 × 10 −10 . These equations are as follows:
where the factor γ and the angle α A are given by the relations (Ashby, 2003; Pascual-Sánchez, 2007 )
and
respectively. The last equation involves the satellite angular velocity Ω = (GM ⊕ /R 3 ) 1/2 , and the angle α A0 fixing the position of satellite A at τ = x 4 = 0 (GNSS initial operation time). The chosen nominal world lines satisfy Eqs. (2)-(4).
Let us now assume that a certain set of four emission coordinates, τ A , has been received. By using these coordinates, the user position may be found in both the 0 and 1-order RPS. In the first case, photons move in the asymptotic M-ST, whereas for the 1-order RPS, photons move in the proper S-ST and calculations are performed up to first order in GM ⊕ /R. Thus, two different positions are obtained, which allow us to estimate the positioning S-error. In both cases, Eqs. (2)- (4) allow us to compute the position of any Galileo satellite (coordinates x µ A ) for any proper time τ . Hence, from the four emission coordinates τ A , we may calculate the positions of the four satellites, at emission times, in S-ST. These emission events define the initial common points of the two photon world lines (in M-ST and S-ST); for this reason, these events are denoted P IA , and x µ IA (τ A ) are their asymptotic inertial coordinates in S-ST.
We first assume that photons move in S-ST. Those emitted from the satellite A initiate their motion at the point P IA whose coordinates x µ IA (τ A ) have been calculated from τ A . The user position is then the intersection of four null geodesics that pass through points P IA and have appropriate propagation directions at these points. The coordinates of the intersection point P S0 (user space-time position in S-ST) are denoted x µ S0 . Since the propagation directions are unknown, a suitable method is necessary to find the intersection point; namely, to localize the user. A first version of the method used here, which does not use the exact solution of Coll et al. (2010) , was implemented by Delva et al. (2011) . Let us now describe our version of this method, which uses this exact solution. Both versions are based on the fact that, for the geodesic passing through points P IA and P S (coordinates x 
where t S − t IA is the time elapsed from emission to event P S , and T S is the so-called time transfer function corresponding to S-ST. Let us now consider that the photons emitted from the points P IA -with coordinates x µ IA (τ A )-follow null geodesics in the asymptotic M-ST. Four of these geodesics intersect at point P M 0 (user space-time position in M-ST), whose coordinates x µ M 0 are to be compared with x µ S0 . As in the S-ST, the time elapsed to go -along a null geodesic-from the emission event to a point Q M with coordinates (x i M , t M ) may be written as follows:
where T M is the time transfer function of the asymptotic M-ST. In this simple geometry, the null geodesics are straight lines and, consequently,
Quantities ( R M 0 , t M 0 ); namely, the user asymptotic inertial coordinates x µ M 0 may be calculated, from the emission coordinates τ A , by using the TXcode (see Sect. 2) This code calculates all the possible user positions corresponding to given τ A coordinates. We can find either one or two positions (bifurcation). Hence, from the emission coordinates τ A , we have described suitable methods to calculate: 
The right hand side of this equation may be expanded up to first order in ∆ R M to get:
Since ∆t M is a first order quantity, all the terms in Eq. (9) must be developed up to this order; hence, function T S ( R IA , R M ) is to be expanded up to first order, but the gradient involved in Eq. (9) is only required at zero order, since it is multiplied by the first order quantity ∆ R M . At zero order, S-ST is identical to M-ST and, consequently, taking into account Eq. (7) one finds T S ( R IA , R M ) = | R M − R IA | + O(1); namely, the zero order approximation of the Schwarzschild time transfer function is T (0)
Hence, at zero order, the gradient of Eq. (9) may be written in the form:
It has been proved that T S may be expanded as follows [see Teyssandier and Le Poncin-Lafitte (2008) and references cited therein]:
with
where r = | r| = | R|(1 − GM ⊕ /| R|) is the so-called radial isotropic coordinate [see Misner et al. (1973) ].
From Eqs. (6), (9), and (10)-(12), one easily gets
These equations must be particularized at point R M = R M 0 and t M = t M 0 . After particularization, there are four equations to find the four unknowns ∆ R M 0 and ∆t M 0 and, then, the positioning coordinates in S-ST are R S0 = R M 0 + ∆ R M 0 and t S0 = t M 0 + ∆t M 0 . Each of the four Eqs. (13) corresponds to a particular satellite (index A). The determinant of the particularized system of four equations is
If this determinant vanishes for the emission coordinates τ A , there is no solution to the corresponding system of equations, which means that positioning at the M-ST point P M 0 [with coordinates (x i M 0 , t M 0 )] is not possible. Close to a point of this kind, the determinant must be small and, consequently, the deviations ∆ R M 0 and ∆t M 0 are expected to be large. Let us now raise the following question: are there emission coordinates leading to a vanishing determinant?
Following Puchades and Sáez (2014) , the value of |D| is just 6V T , where V T stands for the volume of the tetrahedron formed by the tips of the four usersatellite unit vectors, which have their common origin at point ( R M 0 , t M 0 ) in M-ST. See also Langley (1999) , where this volume was related with the so-called dilution of precision (U-errors). If the four unit vectors mentioned above correspond to generatrices of the same cone, their tips are on the same plane and, consequently, the volume V T vanishes; hence, the answer to the above question is positive. In other words, there are degenerate configurations leading to vanishing D, in which, the user would see the four satellites on the same circumference.
If a spacecraft carries devices to get the line of sight of any visible Galileo satellite at emission time, the volume V T = |D|/6 may be estimated for any visible 4-tuple and, consequently, 4-tuples leading to excessively small |D| values may be rejected. After improvements, this method for 4-tuple selection might help us to design a good autonomous spacecraft navigation system -up to distances around 10 5 km-based, e.g., on Galileo satellites. The regions where the S-errors are expected to be too large must be located either close to points where D vanishes, or at points located very far from the satellites. At these last points, the four satellites are all in a small solid angle and the tetrahedron volume V T is expected to be small. Our numerical estimates are in agreement with these expectations (see next sections). The same is also valid for the U-errors estimated in Puchades and Sáez (2014) .
Numerical analysis
In practice, the user -whose position is unknown-receives four emission proper times τ A , which may be used to get two sets of inertial coordinates (positions). One of them corresponds to null geodesics in M-ST and the other one to photon motions in S-ST. Nevertheless, in order to get a distribution of positioning S-errors, we may proceed as follows: Given four satellites of the Galileo constellation, and a user position ( 
General considerations
For a comparison with previous calculations of U-errors, which is necessary to decide if the 0 and 1-order RPS may be applied to a given positioning problem, the determinant D and the estimators ∆ R and ∆ t must be calculated for appropriate satellite 4-tuples and users (space-time points). These quantities have been found for a set of t = constant space-time hypersurfaces, in many points conveniently placed on four great spheres with different radii and concentric with Earth. These spheres are inside the E-sphere. The same points and spheres were already considered to calculate U-errors (see Puchades and Sáez (2014) for details).
We have considered many 4-tuples and hypersurfaces of constant time (hereafter given in hours), but the main properties of the S-errors may be pointed out by using only the 4-tuple 2, 5, 20, and 23, and the hypersurface t = 19, as done in the rest of this paper.
As done in , the spheres are pixelized by using the HEALPIx package, which was designed to build up temperature maps of the cosmic microwave background (CMB). Quantities ∆ R and ∆ t are calculated for users located at the centers of the HEALPIx pixels and, then, pixels are colored (color bar) to show the value taken by ∆ R or ∆ t in them. Colors outside the bar may be used to mark special pixels; in particular, pixels where the represented quantity is not defined or it satisfies some condition.
Finally, the mollweide projection is used to show, in unique figure, the whole pixelized colored sphere. The frontal hemisphere is represented in the central part of the figure, and the opposite hemisphere is projected on the lateral parts. The external edges of these parts represent the same back semimeridian. HEALPIx-mollweide CMB maps may be seen, e.g., in Bennett et al. (2013) .
Figs. 4 and 5 show HEALPIx-mollweide maps. The interpretation of these Figures only requires: the definition of the quantities represented in the maps, and the rules used to assign colors which are not in the bar (special pixels). This information is given in the figure captions. Interpretations are detailed in the text.
In Górski et al. (1999) , the reader may find more details about the HEALPIx pixelization, which is a hierarchical equal area isolatitude pixelization of the sphere. The number of pixels is 12 × N 2 side , where the free parameter N side takes on even natural values. All the HEALPIx pixels have not the same shape, they are more elongated in the polar zones. In our maps, the HEALPIx parameter N side is chosen to have 3072 pixels and, then, the angular area subtended by each of these pixels is close to sixty four times the mean angular area of the full moon (∼ 13.43 squared degrees). The angular separation between the directions associated to two neighboring equatorial pixels is ∆α ≃ 0.1 rad. We have verified that this pixelization is adequate for our purposes. For a given 4-tuple of satellites, positioning is only possible if the user may see the four satellites at the same time (visibility points). On account of this fact, we proceed as follows: (a) the users which do not see the four satellites (invisibility points) are identified, (b) the corresponding S-errors are not calculated and, (c) these users are properly marked in graphic representations.
S-errors along typical radial directions
Quantities ∆ R and ∆ t have been also calculated, along many HEALPIx directions, at points whose distances L to E range from L = 0 to L = 10 5 km. The values corresponding to three characteristic directions are now presented. Results are displayed in Figs. 1-3 .
The first direction (Fig. 1) does not contain any D = 0 point and we see that, for large enough L values, the estimators ∆ R and |∆ t | are continuous increasing functions of L. From point E (L = 0) to the starting point of the curve of Fig. 1 (L ≃ 8800 km) , there is an invisibility segment since Earth -very close to the users in this segment-hides one or more satellites of the chosen 4-tuple. In Figs. 2 and 3 , the length of the corresponding segment is 16700 and 16800 km, respectively.
The second direction (Fig. 2) contains only a D = 0 point at L ≃ 73300 km. In the top and the middle-bottom panels of this Figure, the position of the D = 0 point is the center of the ∆ R peak and the ∆ t discontinuity, respectively. Around the D = 0 point, quantities ∆ R and |∆ t | are very large. In the middle-top and bottom panels, only the values of these quantities smaller than 2 m have been represented; hence, in the region between the two dashed lines of these panels, ∆ R and |∆ t | take on values greater than two meters. In this case, we easily see that values of two meters arise at distances (hereafter 2m-distances ≡ ∆L 2m ) of various thousands of kilometers from the D = 0 point. In these units, the inequality 3400 ≤ ∆L 2m ≤ 6200 is satisfied.
Finally, Fig. 3 corresponds to a third particular direction with two D = 0 points located at distances L ≃ 27400 km and L ≃ 40000 km. This Figure has the same structure as Fig. 2 . Two peaks and two discontinuities -giving the location of the two D = 0 points-are observed in the top and middlebottom panels. As it follows from the middle-top and bottom panels of From all the D values calculated inside the E-sphere, it follows that the determinant D does not vanish along any direction for users with L < 2.32 × 10 4 km. For a given direction, the determinant D may vanish once or several times at isolated positions with L ≥ 2.32 × 10 4 km. Only along scarce directions, quantity D vanishes more than once. There are also many directions without D = 0 points. Other 4-tuples and hypersurfaces of constant time, different from those analyzed here (see Sect. 4.1), lead to very similar conclusions.
S-errors on spherical surfaces concentric with Earth
From top to bottom, Fig. 4 shows the values of ∆ R (left panels) and ∆ t (right panels) on spherical surfaces concentric with Earth, whose radius -in kilometers-are 6378 = R ⊕ (top) and 1.5 × 10 4 (bottom). The two surfaces In the top and middle-bottom panels, the same representation as in Fig. 1 is shown. Along the chosen direction quantity D vanishes once. The peak and the discontinuity are associated to the D = 0 point. Once the ∆ R and c|∆ t | values greater than two meters have been eliminated, the same representation as in Fig. 1 is repeated in the middle-top and bottom panels. All the ∆ R and c|∆ t | values smaller than two meters become so visible are inside the E-sphere and located in the region where the determinant D does not vanish; hence, large values of ∆ R and ∆ t are not expected. Actually, all the values displayed in Fig. 4 range from 0.39 cm to 13 cm. In each of the four panels, grey pixels correspond to the invisibility points on the concentric spheres.
S-errors versus U-errors
The study of this section is based on Fig. 5 . In the top panels of this Figure, all the grey pixels belong to invisibility regions, whereas in the bottom panels, the four big grey spots are the invisibility regions and the remaining grey pixels correspond to ∆ R values greater than two meters.
Since we have calculated U-errors [see Puchades and Sáez (2014) ] and S-errors at the same places inside the E-sphere, the ratio ξ = ∆ RS /∆ RU between the ∆ R estimators corresponding to the S-errors (∆ RS ) and the U-errors (∆ RU ) may be calculated at every visibility point. In Fig. 5 , the ξ ratios on four spheres -concentric with Earth-are represented. In the spheres whose radii are 5 × 10 4 km (panel 5.c) and 9 × 10 4 km (panel 5.d), the ratio ξ has only been calculated at the points where ∆ RS is smaller than two meters. So, positions too close to D = 0 points are not considered. In panel 5.a, one easily sees that the ξ values are very small on a spherical surface with the Earth's radius, where the inequality 2.3 × 10 −4 < ξ < 8.4 × 10 −4 is satisfied; hence, the S-errors are negligible against the U-errors on this surface. On the spheres with radii of 1.5 × 10 4 km (panel 5.b), 5 × 10 4 km, and 9 × 10 4 km, the maximum ξ values are 1.9×10 −2 , 4.4×10 −2 , and 3.8×10 −2 , respectively; hence, in these three cases the maximum values of ξ are of the order of 10 −2 . It is also observed (panels 5.b to 5.d) that the greatest ξ values (see the color bars) correspond to pixels which are close to grey zones. According to the Figure 4 : HEALPIx-mollweide maps of the ∆ R (left) and ∆ t (right) estimators (in kilometers) on spherical surfaces with different radii. In the top (bottom) panels, the radius of the surface -in kilometers-is 6378 = R ⊕ (1.5 × 10 4 ). These surfaces are located in the region, around point E, where the determinant D does not vanish above description of these zones, this means that the pixels having the largest ξ values are either close to D = 0 points or close to invisibility regions.
Conclusions and discussion
In Sect. 1, we have outlined a plan for theoretical developments and practical implementations in the field of RPS. We have described the theoretical foundations [points (i) to (v)], two particular but very important RPS approaches [0 and 1 order RPS] and, finally, a novel and well structured program to estimate positioning errors in the framework of RPS [points (1) to (7)]. The total positioning error is the addition of two contributions: the U-error (satellite world lines) and the S-error (photon world lines).
It is believed that, at distances -from Earth-greater than d max ∼ 2 × 10 4 km, positioning errors are too big and, consequently, spacecraft navigation based on GNSS is not feasible (see Deng et al. (2013) and references cited therein). In the context of RPS, this is easily understood taking into account that all the D = 0 points are located at distances greater than d max (see Sect. 4.2) . Since the S-errors diverge (are large) at (close to) the D = 0 points, it seems that spacecraft navigation is only possible for altitudes smaller than ∼ 2 × 10 4 km, whereas spacecrafts with altitudes greater than d max may approach D = 0 points where positioning errors are too large. Our analysis also suggests the solution to this problem; in fact, in a certain position, a spacecraft may be close to a D = 0 point (large positioning errors) for a certain satellite 4-tuple, but the same position may be far from any point of this type for other 4-tuples. This strongly suggests that the spacecraft position may be found anywhere inside the E-sphere by choosing the best 4-tuple at any moment; thus, the proximity to zero points of D might be avoided along the complete world line; which is necessary to make autonomous spacecraft navigation based on GNSS feasible (see also comments in Sect. 3).
In Sect. 4, the S-error distribution has been studied to conclude that: (A) in the region surrounding Earth where there are no D = 0 points, quantities ∆ R and |∆ t | take on values smaller than a few tens of centimeters, (B) the S-errors are large where it was expected from the beginning (see the last paragraph of Sect. 3), and (C) positioning quality decays as the distance to the Earth's center increases.
Surrounding every D = 0 point, there is a region where the S-errors are larger than 2 m. The size of these regions ranges from hundreds to thousands of kilometers (see Figs. 2 and 3) .
The S-errors have been compared with the U-errors for all the users located on four extended spheres. The U-errors have been estimated as in Puchades and Sáez (2014) , where an amplitude of 10 m was assumed to simulate the deviations between the nominal and real satellite world lines. Under this assumption, it has been verified that, for the users with S-errors smaller than two meters, the ratio ξ defined in Sect. 4.4 is smaller than ∼ 0.05 and, moreover, values of the order 10 −2 only appear in a few pixels. This means that the S-errors -below a level of two meters-are smaller than five per cent of the U-errors. In this situation, the approach based on the assumption that photons follow null geodesics of M-ST may be applied, at least, for positioning inside the E-sphere with standard accuracy requirements; however, if the amplitude of the satellite deviations becomes -in future-much smaller than ten meters, the U-errors (proportional to this amplitude) will be much smaller and, consequently, the S-errors will not be negligible. In such a case, it must be assumed that photons move in S-ST. The same occurs if we need a high accuracy positioning to deal with some scientific problem.
In standard positioning (not RPS), relativistic corrections are usually applied to satellite motions in GNSS (clock behavior and so on), nevertheless, it is often considered that photons move in Minkowski space-time and, consequently, the S-errors produced by the lensing effect -due to the Earth's gravitational field-are neglected. Here, a certain method has been used -for the first time-to build up robust maps of these positioning errors. These maps of S-errors will be a practical tool since they may be used, from now onwards, to decide if relativistic corrections -due to lensing-are necessary to study a given problem related with positioning on Earth (e.g., carrier signal positioning) or far from Earth (e.g., autonomous spacecraft navigation). For the sake of briefness, only a few maps have been presented in Figs. 4 and 5.
The 1-order RPS may be improved by assuming a slowly rotating Earth having a realistic mass distribution with small multipoles, which evolves under the action of astronomical objects such as, e.g., the Sun and the Moon, which slightly contribute to the local gravitational field in the positioning region. Fortunately, there are known metrics to properly take into account these improvements (Kerr, Parametrized Post-Newtonian expansions and so on). A metric of the formg αβ = η αβ + s αβ + ζ αβ seems to be suitable to improve on the 1-order RPS. All the ζ αβ quantities will be very small compared with the terms s αβ (order GM ⊕ /R). Since these quantities describe Schwarzschild perturbations, they are neglected in the 1-order RPS.
Nominal satellite world lines corresponding to the metricg αβ may improve the treatment of U-errors; however, the term ζ αβ is not expected to be significant to describe photon motions; in fact, since we have proved that the gravitational influence of the total Earth's mass on the photon world lines is small (Schwarzschild against Minkowski), much smaller gravitational fields -in the positioning zone-such as those due to Earth's multipoles, the Sun, the Moon, and so on, must produce smaller effects on the photons (negligible in practice). The same occurs with the effects of Earth's rotation -which is slow-on the photon world lines, which are expected to be negligible A first generalization of the 1-order RPS approach could be obtained by including the solar mass; so, the gravitational field would be governed by two sources: a spherically symmetric Earth and the Sun, which could be considered as a point-like mass. In this situation, a system of reference with origin in the Earth-Sun center of mass would be theoretically (physically) inertial (quasi-inertial). The gravitation acceleration produced by the Sun around Earth is g ⊙ ≃ 6 × 10 −4 g ≃ 1.4 × 10 −2 g sat , where g and g sat are the gravitation accelerations produced by Earth on its surface and on the sphere where the Galileo satellites move, respectively. These numbers show that the solar gravitational field is much smaller than that of the Earth in the positioning region and, consequently, the influence of this field on photon propagation is expected to be negligible. Its effect on the motion of the Galileo satellites is being estimated by us, with the approach suggested at the top of this paragraph.
The study of an RPS improving on the 1-order RPS is beyond the scope of this paper, but our results are important to aid the pursuit of this task in the future. Much research will be necessary before designing and implementing good competitive RPS including error estimations.
We can finally estimate the saving in computer time due to the use of 0-order RPS calculations (instead of 1-order RPS estimates). We have ob-tained the CPU times taken by our codes to calculate the inertial coordinates x α (outputs) from the emission coordinates τ A (inputs). Two codes based on the 0-order and 1-order RPS have been considered. They are multiple precision sequential codes and, consequently, calculations are performed with one thread. The processor is an Intel(R) Xeon(R) CPU E7-4820 (64 bits) at 2 GHz. By working with 32-40 digits the resulting times are ∼ 1 −2 ms for the 0-order RPS, and ∼ 20 ms for the 1-order RPS; hence, the use of the 0-order RPS -with the exact solution of Coll et al. (2010) -leads to a significant saving of computer time; nevertheless, the 1-order RPS may be also used; in particular, for parallel optimized codes running in modern computers. The same would occur for higher order RPS based on the same methods, but involving more general metrics, nominal satellite world lines, and transfer time functions. All this strongly suggests that, from the point of view of CPU cost, accurate RPS are as feasible as the standard methods used by current GNSS, which are based on relativistic corrections. Researches on RPS are motivated by other positioning aspects detailed above such as, e.g., systematic error estimates, applications to spacecraft navigation, and so on.
